I. INTRODUCTION
Electronic states metastable with respect to electron ejection (electronic resonances) are commonly formed upon core excitation and ionization [1] [2] [3] [4] , as valence excited states lying above ionization continuum [5] [6] [7] [8] . They have been also discussed as precursors of stable anions in the interstellar medium and planetary atmospheres [9] [10] [11] . Electronic resonances belong to the continuous spectrum of the electronic Hamiltonian, and, therefore, cannot be described with the techniques developed for bound electronic states.
During the last decade, significant progress has been made in extending conventional bound state electronic structure methods to treatment of resonances using non-Hermitian quantum mechanics techniques, e.g. using exterior complex scaling 12, 13 or complex absorbing potential (CAP) approaches [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . CAP provides a practical tool for extending an electronic structure method to treatment of metastable electronic states by augmenting electronic Hamiltonian with a purely imaginary absorbing potential:
where η and W determine the strength and the functional form of the absorbing potential, respectively 25 .
Resonance appears as a single square-integrable eigenstate of the CAP-augmented non-Hermitian Hamiltonian (Eq. 1) with a complex eigenvalue, E = E R − iΓ/2, where E R and Γ yield estimates of the resonance position and width, respectively. The electronic structure methods combined with CAP technique include, but are not limited to, equation-of-motion coupled-cluster with singles and doubles excitations, EOM-CCSD [20] [21] [22] 26 , adiabatic diagrammatic construction, ADC 14 , configuration interaction 16, 17 and symmetry-adapted-cluster configuration interaction 18 , multiconfigurational perturbation theory 23, 24 , and density functional theory 19 . While the approaches show promising results in computing resonance position and width, there are still remaining challenges. The major shortcoming that hampers the use of the methods by a non-advanced user is its non-black-box nature. Specifically, the results are rather sensitive to the CAP parameters and, moreover, one has to compute and analyze so-called η-trajectory, the dependence of complex energy on the strength parameter, η. The resonance position and width are associated with the real and imaginary parts of the complex eigenvalue corresponding to the stationary point on the η-trajectory 25 . Different criteria were proposed to locate the stationary point: either using minimum logarithmic velocity criteria, 
II. THEORY
In this section, we discuss the most relevant aspects of discretized Feshbach projection formalism (Sec. II A) and XMCQDPT2 (Sec. II B) theory that pertain to development of combined theory for metastable electronic states, presented in Sec. II C.
A. Discretized Feshbach projection formalism
Here we outline the discretized Feshbach projection formalism mainly following the discussion in Refs. 28 and 29. In Feshbach projection formalism, the wavefunction of the autoionizing state is represented in the basis of localized states and scattering states using corresponding projection operators, Q and P, respectively:
Note that the {Φ n } and {Φ E } in Eq. 2 are L 2 -normalized ( Φ n |Φ m = δ nm ) and energy-normalized ( dEΦ * E Φ E = δ(E − E )), respectively. With this definition of the projection operators the time-indenendent Schrödiner equation (Ĥ |Ψ = E |Ψ ) can be rewritten as follows:
Solving Eq. 4 formally for Q |Ψ and plugging in the result in Eq. 3 one arrives to the following result:
Assuming that {|Φ n } are eigenstates of H QQ and that |Φ 1 represents the state of interest, by introducing introducing optical potential
, one arrives to the following non-homogeneous equation for the scattering part of the wavefunction:
Defining H = H P P + V opt one first finds solution of the homogenous equation:
The solution of Eq. 6 is then found using Greens' function methods. Comparing the results with the Breit-Wigner expression for a resonance amplitude, one arrives to the following expressions of resonance position and width.
where − stands for the Cauchy's principal value of the integral. Note that the expressions were derived assuming an isolated resonance. 
where ρ(E 1 ) density of the scattering states at E = E 1 and {Φ E } states are
Identical expressions are obtained by considering a quantum dissipation of a localized state
30 , see Fig. 1 . Once the Hamiltonian has the following form:
the resulting expressions for the resonance's energy and width are identical to Eqns. 7 and Below we briefly describe extended multiconfigurational quasidegenerate perturbation theory of second order, the electronic structure method we use in this work, and then proceed to discussion of the proposed procedure of constructing the basis of states needed for Feshbach projection formalism using absorbing potential.
3 
C. Feshbach-projection-XMCQDPT2 (FP-XMCQDPT2) theory for resonances
Direct use of Eqns. 7 and 8 for calculation of resonance position and width is only appropriate when a basis of the localized state representing the resonance and a set of discretized continuum states has been obtained and the Hamiltonian has the form as in Eq. 9. Hereafter we will refer to this basis as projected. As mentioned above, the eigenstates of electronic Hamiltonian are of a mixed localized-discretized continuum character. Below we describe a procedure of generating projected basis from the eigenstates of electronic Hamiltonian using absorbing potential. The method is first illustrated for model one-dimensional potential of the following form:
This potential shown schematically in Fig. 2 supports a resonance with the energy and width of 0.465 and 0.00463 a.u., respectively 32 . The same approach is then applied to calculate resonances in molecular systems. The absorbing potential used for the one-dimensional case is defined as follows:
The key idea of the method can be inferred from Fig. 2 illustrating the spatial extent of the localized part of the resonance (|Φ 1 ) and absorbing potential W (x) (Eq. 11). Provided the projected basis is generated, and |Φ 1 is the localized state representing the resonance, this state will have the dominant amplitude inside the well of V (x) and decay rapidly outside.
W (x) in contrast is non-zero only outside of V (x). Thus, the matrix elements of W between localized part of the resonance and any of the continuum states will be approximately equal to zero as there is almost no overlap between resonances represented in the projected basis, Φ 1 , and W (x):
Therefore, |Φ 1 will be an eigenstate of W with almost zero eigenvalue (in practiceminimal eigenvalue). This observation allows one to generate approximated projected basis by diagonalizing W in the basis of eigenstates of Hamiltonian. The results of using this procedure for a model 1D potential (Eq. 10) are shown in Fig. 3 . The same approach can be generalized to treatment of resonances in molecular systems, for
E, a.u.
x, a.u.
x, a.u. example, by combining with XMCQDPT2 electronic structure method. Note, however, that the approach is transferrable to other quantum chemistry methods. The scheme of FP-XMCQDPT2 calculation is summarized in Fig. 4 . The first step is a conventional XMCQDPT2 calculation which generates the basis of eigenstates of the effective Hamiltonian, perturbation-modified CASCI states. This basis is a 'mixed' basis with the states being of mixed localized -discretized continuum character. The second step is evaluation in diagonalization of the W matrix in the basis of the the eigenstates of the effective
Hamiltonian. This step generates 'projected basis', localized state and a manifold of discretized continuum states. Finally, the subset of discretized continuum states should be transformed in such a way that the Hamiltonian matrix is diagonal in this subspace. The resulting Hamiltonian can be used to evaluate resonance position and width using the Eqns. 
and 8. The approach has been tested on a series of shape resonances in molecular systems

III. RESULTS AND DISCUSSION
To explore the accuracy and stability of the method with respect to parameters of the absorbing potential and basis set the method first applied to well-studied shape resonance in
The values of the resonance position and width derived from the experimental data are 2.32 and 0.41 eV, respectively 33 . Geometries of molecular systems discussed below and details of the basis and model space choice are given in Supporting Information (Secs. S1, S5, and S6)
. Additive quadratic-like W was used:
The results obtained with traditional CAP-XMCQDPT2 method and FP-XMCQDPT2 for different one electron basis sets with varied number of diffuse basis functions are reported in Table I . (Table S5 ). Both methods exhibit dependence on W onset, however, the resonance position obtained with FP-XMCQDPT2 theory is more stable and varies only from 2.596 to 2.640 eV. In contrast, the resonance position obtained with CAP-XMCQDPT2 method changes more dramatically: from 2.626 to 2.286 eV. Moreover, the η-trajectory in CAP-XMCQDPT2
for the largest absorbing potential does not exhibit a stationary point, and, therefore, the resonance parameters cannot be identified. Interestingly, the FP-XMCQDPT2 model allows one to extract an estimate of the resonance position in this case too, the predicted E R is 2.640 eV. We also report the computed resonance parameters for 2 Π resonance in CO − for different box sizes (see Supporting Information, Sec. S4). space were the same in all calculations (SA-7-CASSCF(5/13)). The performance of the method was further tested by considering shape resonances in CO − and polyatomic systems. The results are given in Table III 
IV. CONCLUSIONS
We present a new model that combines 
S2. RESONANCE SHIFT EVALUATION: QUASIDEGENERACY
To avoid divergencies due to quasidegenracy of the localized part of the resonance and discretized continuum states arising from the perturbative expression for the resonance shift as shown in the following expression,
the contribution of the states that are within 0.2 eV from the energy of the localized state (E 1 )
were neglected in the sum above.
S3. ABSORBING POTENTIAL ONSETS
Unless stated otherwise the onsets of the absorbing potentials listed in Table S4 were used in the calculations. Moreover, one can see that the procedure is more stable for less diffuse one-electron basis (Table S5) , which is consistent with the discussion in the main text. located at the ghost atom in the center of mass. The model space and active space were the same in all calculations (SA-10-CASSCF(3/11)). Three states out of 10 were treated as localized. 
